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The Technical Reports, Mumbers 3, 4 and 5 constitute the major part
of the final report for project MN0O0014-67-A-0383-00054, ONR 032-509, since
they contain the findings that have been achieved with the finite element

method. 1In summary these are:

STRESS RAISER

The anisotropic elastic properties of a material can act as a

stress raiser. The elastic constants used for study were derived from
the measured elastic compliances for alumina. In other materials the
degree of anisotropy may be larger and hence more important si «ce alumina
is not the most anisotropic material. The direction of maximum aniso-
tropy for alumina is, in terms of angles defined in Reports 3 and 4,
a=0, B =55°.

NOTCH FACTOR

The notch factor as calculated by Neuber for hyperbolic cross
secti~n specimens does not apply when the material is anisotropic. 1In-
stead of 1.45, the FEM value is 1.82, This latter value may not be
correct since there are some obvious deficiencies in the mcdel used. It
may be even highe- since the stress gradients were greater than the model

was designed to hondle.

NON-UNIFORM STRESS STATE

The stress increase for a bicrystal in tension was found to yield

stress concentrations at the boundary as high as 1.5. It is thus seen
that the assumption of uniform stress states in bicrystal mechanical

response is not generally accurate.

MODEL FOR CERAMIC BODIES

A model for the study of the mechanical behavior of a polycrystalline

ceramic body has been proposed. For certain selected orientations the
model generates results that are consonate with reality and shows that
the position of maximum shear can be shifted by a change in anisotropy.
There seems to be a limit to the effect anisotropy can make on a system

after the degree of anisotropy has passed a certain value.
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then the model was subjected to the case of different orientation
for each crystal the stress gradients which resulted were higher than
could be adequately studied by the model. A further modification of

the model would be necessary for the proper characterizatien of a

ceranic body by this method.

A further technical report will be submizted when the measurements of
the strain distribution in an alumina bicrystal have been completed. Thus
far, the "d" spacing for the (05%) diffracticn peak has been measured at
systematically selected points over the surface of the bicrystal. The
residual strain has in this way been partially measured. Similar data are
being obtained for the (330) diffraction peak. Preliminary measurements
with an applied tensile stress have shown a linear relationship between
applied stress and tlie interplanar spacing. Thus, the apparatus is seen
to be in good operating condition. With additional time, the measured strain
in a bicrystal of alumina under tensile loading should be completed. A

request for a no-cost extension has been made.

K IR
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Stress €oncentration in Elastically Anisotropic
Bi-crystal Tensile Specimen;;
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A. Introduction

Ceramics are rapidly increasing their importance as technological
materials in a number sf important applicatioms. Due to this increased
interest and also because of the commercial availahilitv of pure metal-oxide
powders and single crystals, a great deal of new knoviedge cf their
mechanical behavior is being collected. However, the progress in under-
standing some characteristics of the mechanical response oi polycrystalline
aggregates of metal oxides is sericusly hampered by the inherent analytical
difficulty encountered in modeling such systems.

In recent years, the problem was approached from the bi-crystal point

of view @,2,3)

in order to gain insight into the process of brittie fracture
at the grain boundaries. This form of failure is sometimes observed in
polycrystalline metal oxides.

Brittle fracture may be induced in suitably shaped tensile specimens
provided that a sufficienily high stress level is maintained in the gauge
section of the specimen.

A tensile specimen generated either by a hyperboloid of revolution or
by shaping the two opposing sides by hyperbolas as shown in Fig. 1, will
display a substantial tensile stress at the focal plane while maintaining
sufficiently low stresses at the gripping ends.

The hyperbolic tensile specimen shape was used in measuring the

intrinsic brittle strength of single and bi~crystal MgO (l).




a) Axisymmetric b) Planar

Fig. 1. Hyperbolic Tensile Specimens.

The stress distribution in hyperbolic tensile specimens was studied

(4) (5)

by Neuber and by Leven . A stress concentration factor or notch
factor for homogeneous and isotropic specimens was calculated from an exact
theory and was experimentally confirmed to be accurate within a few percent.

Some recent investigations(G) however, considered th: influence of
elastic mismatch across a planar boundary in rectangular bi-crystal tensile
specimens., It .;as shown that the anisotropy of elastic properties as well
as the elastic mismatch produce similar effects to that of notches in the
tensile specimens.

Various attempts have been made @
for the problem of stress distribution in anisotropic bodies bounded by
cylindrical surfaces. The theoretical approach was successful only for
infinitely large bodies bounded by planes or parabolic surfaces. The intro-
duction of the necessary finite boundary conditions to delimit a finite
body would prevent solution.

An attempt is made here to formulate the problem in such terms that an

approximate method of analysis could be applied, which as a limit, would

converge to the exact solution,

to find an exact and general solution
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B, Method of Analysis

Since a closed form exact solution is not available for anisotropic
finite bodies at the present time, a2 solution based on the calculated stiff-
ness of the anisotropic finite continuum was sought. This method of analysis
has been used in the past in various forms such as "Moment Distribution” or
"Deflection Analysis" of structural elements. The Finite Element Method
(F.E.M.) of analysis and its terminology was first formulated by M. J.

8

Turner et al. and it was first applied in its present form to an elastic

continuum by R. W. Clough (9). It has been shown repeatedly (10,11)

that,
while the method of analysis is approximate, it converges to the exact
solution as the limiting value.

The first step of applying the F.E.M. analysis is to divide the finite
elastic continuum into polygonal elements. The elements are usually tri~
angular or quadrilateral in shape. The elements are considered to be
jointed at their corners (the nodal points) and the stiffnesses of the
individual elements are assumed to interact through these mutual nodal points.

The choice of element size requires some experience of the user so that
the possible error in the calculations is minimized for a given number of
elements. The model used is shown in Fig. 2.

(12)

It was shown by Wilson that the error E for the displacements u.

J
of a nodal point j is:

u
N (1)

where x,y are the coordinates of the nodal point j.
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The error term demonstrates the influence of both the element size and
that of the rate of change of strain. Since the rate of change of strain is
determined by the geometry of the problem, the proper choice of element
size will improve accuracy.

While it is generally true that convergence of finite element solution
increases with decreasing element size, the gain is sometimes offset by the
increase in the "'round-off" error resulting from the limited word length of
electronic digital computers.

In the stiffness formulation of F.E.M. analysis the unknowns of the
continuum are the nodal displacements. The basic equation which relates
nodal displacements to the nodal forces F will always take the form (10)

in matrix notation:

{F} = [K] {u} (2)

vhere [K] is the stiffness matrix of the continuum. The global stiffness

matrices are defined as:
(K] = [B]T[D]1[B] x volume (3)

In Equation (3), [B] and [D] represent the displacement-strain and
stress-strain matrices respectively.

The global stiffness matrix is symmetric and only the boundary con-
ditions render it non-singular. Since the stiffness of a particular nodal
point is defined by the combined effects of only those elements which
contain that particular nodal point, the stiffness matrix is large and is
very sparsely populated. An efficient computer storage scheme is a

necessity to handle large problems successfully.
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Once the global stifiness matrix is developed, the unknown nodal dis-
placements are calculated from equation (2).
The element strains and stresses are computed from the relations:
[e] = [B][u] (%)
[o] = [D][€] (5)

The continuity between the elements is assumed by a suitable linear

polynomial expression for [B] to relate displacements within the tri-

angular elements to that of stress.

The stress-sirain relationship in terms of the principal technical con-
stants E

poy

G and U, (Young's modulus, shear modulus and Poisson's ratio

respectively) is given in general form (6).

e =.Eio _%’.2_3;0 .%3_10
X 1 X 9 ¥ 3 z
-v12 1 V32

€ == 0 +-——0 - — 0
y El X E2 y E3 z
(6)
V13 5 _ v23 4 + i
z E x E y L 2
1 2 3
1
=—— 0
ny G12 Xy

Isotropy is re-established by the proper choice of the principal technical
constants, i.e., E1=E2=E3 = E; V19V91 and G12 = E/2(1+V).

An excellent déscription of this technique is given by Zienkiewicz and
Chung in their book (10)

The actual matrix manipulations for ény sizable

finite body can only be accomplished by digital computers of storage capacity
in excess of 100 Kbytes.
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The computer program used in this investigation was written in its

original form by H. D. Dahl a3

and was extensively modified for the
present purpose. The program is written in FORTRAN IV language and con-
sists of a main routine which in turn calls for subroutines during the
processing of input data. The method of solutior cf the large number of
simultaneous linear equations of expression (2) is an iterative technique
based on the Gauss-Seidel over-relaxation method. The comﬁuter output

consists of the re-print of input data, calculated nodal point displacements

and of the stresses at the centroid of each element.

C. Stress Distribution in Isotropic Specimens

The nature of stress concentration in hyperbolic specimens is now well
understood due to the pioneering work of Neuber in the early 1930's. It was

(4)

shown that in homogeneous and isotropic flat specimens under pure

tension the principal stresses % and Gv may be calculated readily from

the equations:

"

o =2 coshu cosv (2 + coszvn— cos“V)
u 2
h 2
h
g = éL-cosh u cosv (cosZV - coszV )
v 4 o
h
sinvg 7
where A = P

VvV _ + sinv cosv
o o o

and h2 = sinh2 u + coszv

u and v are elliptic coordinates, related to the cartesian coordinates by
x =sinhu * cosv
(8)

y =coshu ¢« sinv

The curves with u = const. are ellipses, those with v = const. are hyperbolas.
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7.
The surface of the hyperbolic specimen is given by v = £ Vo+ The waist of
the specimen is defined by
X=u=o0
(%)
yv=vo = sinvo = a

Equation (7) gives the principal stresses in terms of p, the average axial
stress in the focal plane of the specimen. It is obvious that both stresses
have their maximum in the focal plane; the values follow from Equation (7) by
setting u = 0, For axisymmetrical specimens generated by a hyperboloid of
revolution the equations are slightly more complex and for the focal plane

the stress equations can be written in the form:

_1
(Ou)u=o = hz {Bcosv + C [1-(o + 2)] cosv}
+ 22%!~ {B + Ccoszv ~ A}
h
1 - _ A Cosv
(Ov)u=o - h2 {Ceos (@ ~ 1) - A 1 + cosv ) (10)
+ COZV fA-B-~¢ coszv}
h
_ 1 cosv _ _
(Ow)u=o = h2 {A T+ cooy ~ B cosv + C cosv (o ~ 2}
h2 = sinhzu + coszv
o =21 -v)
A =C(a-1) (1 + cosv o) ‘
9 V = Poisson's ratio
B=A~C cos vy
C = .%( 1+ cos o )

14+ (2-0) cosv + cosvzn

The elliptic coordinates used here are defined by:
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sinhu cosv
y = coshu sinv cosw

coshu sinv sinw

N
|

The surfaces with v = constant are ellipsoids,
those with v = ceonstant a2re hyperboloids

and those with w = constant are planes through the x-axis.
The specinen is bounded by the hyperboloid v = v,

The photoelastic measurements of Leven (5) showzd that the numerical
values calculated froa the above equations are within a few percent of those
neasure? experimentally. In Fig. 3a and 3b, the axial and transverse stress
distribution are plotted in terms of p, the maximum nominal stress. The
parameters of the generating hyperbola for both flat and axisymmetrical
specimens were chosen as 0.00098 for 32 and 0.00124 for b2 respectively,

2 el e . s e
where a2 and 2 are the constants in the equation defining the surface of the

flat specimen (hyperbola symmetrical to the y-axis)

OO

Using Neuber's parameter, V,, defining the same surface, one can write

this equation

Y 2 _x 2 _
(sinv ) (cosv )T =1 (12)
o] o
Since sinzvo + coszvo =1 (13)

one has .o amultiply aZ and b2 with a normalization factor, fz, so that the
last equation is satisfied. (f2 = 450, £ = 21.5) It follows that sinzv0

= 0.44 and c052

v, = 0.56. Inserting v, in Equation (7) gives the curve plotted
in Fig. 3a as Nueber's exact solution.

The procedure for the axisymmetrical case, plotted in Fig. 3b, is analog.
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The above analyses were repeated using the "Finiiz Element” nethod. For the
surpose of analysis a mcdel was constructed consisting of 288 elements and
175 nodal points to represent the transverse half of the tensile specimen as
shown in Fig. 2. The numerical results of the F.E.M. analysis are also
shovn in Figs. 3a and 3b. It can be seen that the "Finite Elexent” analysis
produces a very close set of results, within about 5 percent of the "exact"
solution of Neuber. Some part of this error nay be due to the fact that the
triangular elements are finite in size and they are located slightly on one
side of the focal plane. The other possible source of error is that the
strain is considered constant in any ore element. Since the rate of change
of strain is large in the immediate vicinity of the focal section, even a
small finite element size introduces some error in the actual numerical value.
The accuracy may be increased, especially in the area near the adge of the
specimen, by refining the triangular mesh used.

In this instance, however, the stress distribution follows a continuous
and smooth curve, thus a relatively accurate extrapolation of F.E.M. data
points to the hyperbolic boundary is possible.

The "exact" and F.E.M. analyses of isotropic tensile specimens served

usefully for checking the relative accuracy of the crystal model and that of the

computing process.

D. Stress Distribution in Auisotrepic Single Crystal Tensile Specimens

Some previous investigations (6) showed that the anisotropy in elastic
properties exerts considerable influence on the stress distribution within
the anisotropic body.

The results of the investigation of the influence of anisotropic

mechanical properties on the stress distribution are presented here for Mg0
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and A1,03. The principal reason for choosing these two materials is the
availability cf reliabie elastic data in the form of compliances. Also, the
crystallographic sy=metries of ¥g0 aand AlZO3 are representative of a large

nunber of ceranmic naterials.

-~

The values of the priacipal techri~.al constants of ¥gO and A1,03 were

(2%) @as)

calculated @ froa the conpliance matrices of Chuang and of Gieske
respectively.

Some selected values of Young's mecduli of alunirma are shown in Figs. 4a,
4b and 4c. In these polar diagranms the anisotropy in the Young's meduli are
shown in the plane perpendicular to one of the two-fold axes. By a polar
rotation of approximately 55° ia alumina, the elastic axes may be brought
into a position where the difference between the moduli in directiom of the
hexad axis and one of the diad axes is at a maximum. That it is a rezl
maximum can be seen from Fig. 4b where the polar diagram of Young's

; moduli is shown in the plane perpendiculcr to that of the plane of Fig. 4a.
The other point of significance may be that where the moduli show isotropy
in the plane perperndicular to the temsile direction. This point is found at
approximately 10° away from the original setting of axes. Similarly, in
Fig. 4c the variation of Young's moduli is shown in the plane perpendicular
to the plane of Fig. 4a and rotated by 10° from the original setting.

Similar diagrams are presented in Figs. 5a and 5b where the variation
of Young's moduli of magnesia is showvn. The maximum anisotropy occurs at
45° rotation between the <100> and <111> directions. The anisotropy in the
plane perpendicular to that of Fig. 5a is indicated in Fig. 5b where it can
be seen that while the absolute elastic values increase, the relative
difference between then reduces. Based on this set of elastic data, a number
of representative orientatiops was chosen to keep the computational work

within manageable limits.




The calculated elastic properties znd the corresponding orientaticns
are tabula:ed in Tadle 1.

It ous* be mentioned at this stage, that the stress analysis of aniso-
tropic specinens of axisy—aetrical shape would require a full three-dinensional
analysis to obtain meaningful results. This, however, is outside the capability
of the present coxputer program usec in these amalyses. Tnis work therefore
is restricted :o the anzlysis of flat-hyperbolic specinmen shapes.

Figs. 6 ard 7 show the resvlts of analysis for the flac—hyperbolic speci-
nens of aluaina and nmagnesium-oxide, respectively. The stress distribution is
again shown as a dimensionless stress conczntration factor similar to the
isotropic case. It can be seen that while the general appearance of the
distribution curve is unchanged, the maxinmum stress conceatration ranges from
about 1.45 to approximztely 1.32 depending on the selected combination of
elastic constants.

Since the orientations ware chosen to include the limiting maximum and
minimum elastic properties, it is probable that the values of 1.45 and 1.82
are the nminimum and maximum concentration factors for all orientations
in alumina.

Similarly, the range of stress conceatration factors in magnesium oxide
is found between 1.45 and 1.65. It may be significant that the range of
stress concentration factors for alumina and magnesia is scmewhat in pro-

portion to their relarive degree of anisotropy.

E. Stress Disrribution in Aa‘sotropic Bi-crystal Tensile Specimens

For this part of the analysic the bi-crystal was assumed to be composed
by joining a ccmbination of single cr;stals whose anisotropic stress dis-

tribution was stu-ied in the previous sec-ion. This would demonstrate the




%§ TIE'0 DALY L5°¢e £2°9¢ 9%*9Y oSET o0 " r

ﬁ, UTA Y TIC'0 l5°en 9y 9y AN oSY 00 08K 1

% . 21T°0 6TT'0 08'61 €L° 19 00°6S oSHT o0 " !

i M 8L2'0 SEE0 10'82 006§ S0°6Y oSS o0 R a

: M TL2°0 0vE*0 05°62 €L°TY G0'6Y oSS o0 " a

* m he'o TL2'0 06°§2 g0'6Y €L°TY oSHT o0 n a
o T02°0 ZI2'0 9L (2T €649 €L°T9 00T o0 " )

ﬁ 6TT*0 PIT 0 08'6T 0065 €L°T9 oSS o0 u q

ﬁ 852'0 TL2°0 08°22 €6 Y9 €L°T9 0T o0 tocTv v
W K2 12, _ 5 Sy Ty _ o8 0 TVINALIVR NOIIVOITINGQL
r z 19T QOTX

*O%W puv “0YTV VOd SUIIAWVIVA OLLSVIH ANV NOIIVINATHO TVISAYD

T 41UV




TR, R TR e————

13,

influence of a boundary between two discretely adjoined anisntropic bodies.
The bi-crystal bourdary was chosen such that it lies perpendicular to the
tensile axis and is located at the waist section.

In Table 2 the cozbination of the bi-crystals is presentaed together
with a summary of the "Axial Notch Factor" and derived by FEM for each of
the composing single crystals as caiculated in Section D,

The analytical results are presented in graphical fcrm in Figs. 8 and

It is easily observed that the axial stress distribution along the focal
plane is,with the exception of one case, unchanged compared tc the axial
stresses computed for individual single crystals. It appears in general,
that the component of stress perpendicuilar to a boundary is largely defined
by the elastic anisotropy of the crystals located at either side of the
boundary,and it is influenced only to a small extent by the mutual restraining
influence on each other at the boundary.

The transverse stress distribution in the bi-crystals is not as clear
as was found for the normal stresses. For example, in the bi-crystal
specimen A, the top half of the system showed a reduction in the maximum
value of approximately 437, allowing for a negative stress concentration at
the outer edges of approximately 0.220. The lower half increased its
maximum by about 18%.

A somewhat analogous situation was found in the bi-crystal specimen D,
though the numerical values were aot so extreme as in the case A discussed
. above. In both specimens B and C the transverse stiess concentration was

found unchanged.
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Since there were only four combinations studied it could be dangerous

to atteapt wide generalizations.

However, it appears that those bi-crystal

specimens whosa composing shear moduli are widely different will display

changes in their tangential stress component, while those bi-crystals of

approxinately the same shear moduli will behave like two individual single

crystals with no

mutual influence.

Table 2.

Tabulation of FEM Notch Factor

Elastic Properties

Identification from Table 1

Notch Factor

Upper Lower Upper Lower
Half Half Half Half
Isotropic Isotropic 1.45%
A A 1.71
B B 1..82
c c 1.71
Single Crystal D D 1.65
E E 1.52
F F 1.47
G G 1.80
B D 1.85 1.61
B G 1.82 1.82
Bicrystal
B F 1.52 1.50
B F 1.79 1.61

%
Same as Nueber's calculated value 1,454,
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F. Discussion of Results

The results show that the elastic anisotropy of the material has an
effect on the ¥euber nntch fzctor for samples with a hypersoliic cross section.

The maxinum effect for constants derived from alumina, using values for
maxinum anisotropy, is 257 more than the Neuber value for an isotropic speci-
men. The use of two different crystals, top and botton, does not enhance this
value, and the two halves seex to act independently of each other. This
latter result indicates what seems to be a deficiency in the model and led
to the discovery of two other results that confirm this suspicion.

For two cases, Figs. 9a and 9d, the transverse forces do not come to
zero at the edge of the model. This is a violation of the known boundary
conditions and seems to indicate the presence of very much higher stress
gradients than the present configuration of the model can cope with. There
is anotuer indication that a finer mesh model is needed: the integrated
force, across the focal plane for the normalized force used, should equal one.
This condition is satisfied orly for the isotropic case where the FEM results
agree with the Neuber result.

The model used as indicated in Fig., 2, is composed of 288 triangles but
in the region of the focal plane from which the results are obtained there
are only 6 triangles. It is likely that this is too coarse a mesh in this
region so that the results are affected by this choice of model division.

The presence of an enhanced notch factor in these results seems to
indicate that in a refined model the effect might be even more pronounced,
since it is established that there are stress gradients present that are

higher than this model can take into account.

G. Conclusions

The finite element method as applied to the study of ceramic materials

offers a means of understanding the effect of elastic anisotropy and elastic
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misnmatch on a boundary. Thz use of the hrperbolic shape adds a complicating
additional factor to the interpretation, since the shape effects the stress
concentration more than the elastic properties do. -

In order to evaluate the elastic effects in this configuration a finer

mesh model shculd be used.
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Fig, 3a: Cowparison of Exact and F.E.M. Isotropic Solutions for Axial
and Radial Stresses (Flat Hyperbolic Specimen).
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Fig. 3b: Comparison of Exact ard F.E.M. Isotropic Solutions for Axial
and Radial Stresses (Axisymmetric Specimen).
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Fig. 4c: Variation of Young's moduli for alumina.
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' AL UNINA 1.80—
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Ep =61.73 xI0® Ibsin®
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15 Vio= 0.1186 —
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0.0312in

Distance From ¢  of Specimen {in)

Fig. 6a: Stress distributions of the flat hyperbolic specimen of alumina.
Both top half and bottom half of the model are the same anisotropic
material. The curves for two different orientations were so similar
they are plotted as one. The elastic parameters are those corres-
ponding to identidications A and C in Table 1.
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1.5 Gz = 19.8 x 108 Ib/in® ]
Gz = 25.5 x 108 Ib/in?
Viz = 0.1136
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Fig. 6b: Stress distribution of the flat-hyperbolic specimens of alumina.
Both top half and bottom half of the model are the same anisotropic
material, Identification B in Table 1. (Maximum anisotropy)
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Fig. 6c: Stress distribution of flat-hyperbolic specimen of alumina.

Both top half and bottom half are the same anisotropic material.
"(1,2) plane" refers to Identification B and "(1,3) plane™
refers to Identification D in Table 1.
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Fig. 6d:

Stress distribution of flat-hvperbolic specimen cf single crystal
alumina. Both top half and bottom half are the same anisotropic
material. "(3~i) plane" refers to Tdentification E and "(3-2)
plane refers to Identification F of Table 1.
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Fig. 7: Stress distribution of the flat-hyperbolic specimens of single
crystal "(1~2) plane" and "{(2-1) plane" correspond to identifi-
cations H and J respectively in Table 1.
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Fig. 8a: Stress distribution of the flat-hyperbolic bicrystal specimen of

alumina.
slightly the values for each material separatelv.

are identifications B and I of Table 1.
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! Fig. 8b: Stress distribution of the flat-hyperbola bicrystal specimen of
P alumina using the material properties of identifications B and G
of Table 1. The notch factor of each separately is nearly the
same as that for the bicrystal.
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Fig. 8c: Stress distribution of the flat-hyperbola bicrystal specimen of
alumina using the material properties of identifications E and F
of Table 1. The notch factor of each separately is nearly the
same as that for the bicrystal.
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Fig. 8d: Stress distribution of the flat~hyperbola bicrystal specimen of

alumina using the material properties of identifications B and
F of Table 1. The notch factor for the bicrystal lies within

the bounds for the single crystals. This is in contrast to the
results in Fig. 8a.
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* Stress Pistributions i ALLO;

Bicrystal“Tensile Specimens  —
J. B. GAGORIX, R. A. QUEENEY, and H. A. McKINSTRY

Derpertrmesis of Expinersizg Machesios and Ceranse Sehieaee,
The Peacsyivania State Univerzity, Usiverslty Pask, Pamsyivesta 16552

Stress Estoiboticns ia AL0, Biarystals were axelvzed for oor-
{2t m3soriest=tions 2oross the gratn boondary i straiphi-aidad
tenstie spacimens with e grain borndary normmal {0 (he tensTle
2xis. Stresses wer2 fornd vsing the nomurical sa2ivsts tech-
nigsr of direct stifiness calenlations o1 by £=5te clemtnt ot
SIS Tihen (B2 axisinepy In elastic censtzsis of the bicoystials
was coxsicered, misosienialica o peintipel axss xEeiled
slress ocoosnlraliess 2t 1h2 boondory 25 Boh as (30 The
2ssursplion of uniform siress siafes in biorysial medhenical
response studies, therefore, s pot gentrally accorate.

1. Background

M= 16.¢ of grain bovndarias in éelemining the sireazth

peramelers of polyorysialiine splids has beea isvest-
gated extensively.  For polycrystaliine boedies of lowr o7 vasich
ing dectiliyy, frocture strecgids are affecied strongle Ly e
presence of grain boundzries.  hiamy of (e kouwn facis 2ot
the effects of grain boundaries ¢a the mecmnice) properies of
ceramics are reviewed ix Ref. 1.

Ose method of siudying a2 sirength charactesistics of grain
boundaries is throuzn the use of Borysaal specimens. 12 pnn-
ciple, the misorientaticn of the adjoining crvstals and (ne
orientation of the boundary can be controlled to provida a ra-
tional program of sirezath wesiing.  The cefinfior, of bicrvsial
geomelry and characicrization of fraciure sirensth of M20
bicrystals was studied by Lanze and Bues-em® Similar
studies have boen conducled on NaCl bicsystals® The high-
temperature creep resistance of grain bourdaries in pressure-
sintered ALD, dicrvstals has been investigaied.?

A commoa icature of these ssuedies was tie assumption of
urform siress states at and néar the bicrvstal boundary. That
this assumption is not exact can be seen qualitatively by con-
sidering a soft material joined o a stifier one swith 2 teasile
load applied normal to the buundary. The larger tensile
strains in the softer material w:il produce larger transverse
strains as well, assuming rouzhiv equal Poisson’s ratio effects.
A transverse stress ficld rear the ooundarv, zherefore, is
necessary to preserve compatibility of deformation. This re-
sult is not predicted when R comtinuously uniform stress fisld
at the boundary is assumed.

Bicrystal specimens can be treated similarly bacause the
misorientation of the componests generally results in 2 change
in elastic properties along a given direction at the boundary.
The non-nominal stress states developed during loading should
be defined before mechanicai strength measures can be speci-
fied accurateiy.

II. Method of Analysis

A closed-form analytical solution to the stress field near the
transverse grain boundary in a bicrysta! tensile specimer is a
formidable problems because of the finite widih of real speci-
mens. Expanding the specimen geometry to two joined half-
spaces might simplify the analytical solugicn, but this approach
would not be applicable te the finte-widin real geometry.
Furthermore, the most extreme values of the <tress distribu-
tion may be developed at the specimen edges. This infurma-

iz. 1. Ceneration of crssisllozmphic mismsich beiween
halies of bicrastal by rotation throsgh Faler angles @ and 2.

ion would be of prime importanee ia mecta=icsl siresath
stodies.

To dircmvent these prodlems. the cumerics]l ca'enlaiion
method of finlieelement amiysis was used.  The cootimgus
structure (dicrystal) is sebdénvided inlo 2 set ¢f elastic fixita
clements (trinngles in the present work). Toe triangles are
joined discreelly at ihe podas. A compicie sliSness marix
for the structure can be assam3ied by addinz the siifimasses
of each element at the modes. The stiflness matrix relaics
forces on the nodes (o nodal displacemieals by:

[Fi=[K}[3] (1)
By inverling the stifiness matrix, the nodal displacements can
be related 1o the nodal forces by:

[81=[K]"[F] (2)
The stress in each element can be found from the podal dis-
placements according to:

[s3=[S}is] 3
Thus, the compenents of the stress tensor {o] in anv element
can be found from the stifiness matsix for ine element, {S],
and the nedal displacements calculated in Eq. (2). Aa am-
plification of the finite-clement method is given by Zienkiewicz.*
The method of analysis has been applied to the interfacial
stress states in bicrystals.®

ITII. Bicrystal Geometry and Properties

The specification of crvstalline misorirntation across the
grain boundary is shown in Fig. 1, in which the unprimed axes
are the principal axes of the unit cell; coincidert with these
are the underl:aed Euler axes. The primed axes define rota-
tions from the principai frame through Euler angles « and g,
as indicated.

chccivcd April 5, 1971; revised copy received June 14,
71
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o = oy Coveloznent o transverse siresses Wi fncreasing minrta-
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“}\g‘/.l, ;{ ) ,,-x:‘{" Fiz. 2. Tendle spee-
. — - ismen s!:m-- dmpo-

s#tionn ialo , finite cle-
mmenls: grain bonsndary
located 21 Jdeskod line.
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For the porposes of the presest sindy, 23 plaoe-siress,
Stradpa-sitad tesste spaciman 0950 i Yoop €380 i wids,
223 0.633 2 thick w2s Gt Th? spacdemen and s bresk-
@oma 220 Liaogtar Serments ave shomn inFig 2 Tels spedd-
£ 20d s boosdary oonditens imngesd oo i corvespaad 0
2 pl2os stress cocfiz=reticn. The cxict of a2 170-Ee—en
mesh was 2mrived 21 by trisd and error.  The good was 10
2ceve a specinen i wiich 2 nominad wiform stndss s2te
w25 realzad pear e spacimta eads  Accornriizied cxlouwia-
tica emor, moaiored in the fonm of deparinre from foad
egrilibricm, was maintained 20 <1%.

The e'ement stificasses [S] were formziated from the siogle-
ciystal ehastic-coasiat stifforss compem2nls € e B Conss 272
the prinaipel axes compeoents of the siorss cordiiciests, oo
COTIPoatals in a proy, primed oxfs frame are:

Clims=Cns2esmaeiColas )

wita the summaticn coavesticn chserved  Tae traasiormation
co=Ticieals e are §22 direciion cosines tenween ihe pew and
old axes frames. The iscthenmal stifinesses vsed for ALO; were
those of Aleksandrov and Ryzhova?

IV. Results and Discussion

Cnznges 1n stress states cacsad by misorieatarions batwesn
the upper and lower halves of the bice:stal were examined.
To discuss thase changes over the nominal siate, the stress

<ozceatratisa facter, X, may b2 used, where

acteal axial stress state

K. nominal axial siress staie

Since the tolal principal stress state determines mechanical
response in geacral, the development, with misorfentation, of
transverse siresses shoaid also be characterized. Since trere
is £ nomunal or average trans.erse stress, the usual definition
of stress concentration factur cannot be used. Instead. a
tracsverse stress coanceatration factor is defined as the ratio
of tne tronsverse stress to the nominal axial siress.

Results obtained are shown in Figs. 3 and 4. Two types of
misorientations were studied.

Case A: The plane of the specimen has iis normal in the
3-direction of the unit cell with tension applied in the 1-direc-
tion. The bottom half of the bicry-tal ramains stationarv for
all calculations, whereas the top half is rotated through various
« angles, with the arngle 3 held constant at zero. Figure 3(A)
indicates that, for a 40° « rotation of the upper half, an axial
stress conceatration factor of 1.4 is ach.eved at the specimen
side edge. This figure also indicates a monotonically increas-
ing stress concentration factor as misorieatation is increased.
Figure 3{B) demonstrates the tendency of the stress concen-
tration factor to return to unity as one moves away front the
grain boundary, as expected. Figure 3(C) demonstrates the

0500, The ransveres Sresses Coorease iy with Sstanes
from e grda boondary 2xd Jo ool vary opprec=ily wHA
Cstzoee alony the resizee.

Cese B: The top 33X of the spetmen w2s osiptely
critzied 25 i Cage A, The totiom el is oodemied with 2-
Erection I the tesTs Ergtion, 1-8Taaim 0 the rsaoRre
seoor, 203 2.6 redtita normazl 0 the zians of (e spactmen,
It boctom Bl wes beld fxod for 2T calcciatiues, whiteas
toe epper Bl was otated as inSeaisd i Fig 4.

Ax) siness comreMralize fatiors 25 e 25 15 wwge
foond 2t the spectmen ez {Fiz. S(R)). Fuce 4(B) -
c2125 ot these valods {end oeicily tomand oty 2uay from
the g2ty bozadary.  Large Gaoonersy simesses wich were
BEpkly locatized a1 (he grain bocadary 2000 develvped (Fiz.
4(C)); 1ty &3 mot champe 2pgetiably 2070ss (he Spacines
w3t

Totse resclts inSrztle 2, 25 2 georraliy, misorizziaticn
batmreen the ke of 29 Lw,bkrm:ués.odmm
SETeTe siress siaes 2% the gralaioradary-specimtn-eine in
tarserizon then were previcosly thooght o exist  The presest
cloolapoas foond, for comiads sefersad  pmisoriestavioss,
siressts S0T fmpher then hose predicted By e assompiion
ci average oot axmed siess for e s;ec:..;ta. Transverse
sivesses, wisth penmally affent he mechesisyi respeass of
the beorysia), were 2550 focod o be presznt 2od [arss eaezh
0 b2 somwmimes noo-megii=tlie,

Frzoves 3 and 4 exdienta 122t e caloelated axial siresces
are oot iéenten] 2t e intesiace, in agparen: viglation of force
ey=ibhnnm.  Tous Gsorepaney IS an sxininsic cheracesisic
of e mumesicad techaicue vsed T finlle-elitment mmethod

averages the siresses over the extire el2mort 2nd sesoaisles
the averags valze wiih tBe eement cexireid.  Althoogh the
pariscnlar progranung amanganent used n e present study
t:m.mlmd_leq:ihs um 20 within 1.07,. no such cempands
c2a b2 impoced oo these average valves for the entire eiement.
The vse of elemect average Sivesses posts n0 TIODICM unless
the ap2iysts 1s concerned with abropt changas in geemelny oF
elast:c propertns. A finer mesh cholice ot (he interizce wouid
undoudiedly indicate equilibrated axial siress»s ihere. How-
ever. (e preseat stedy was designed to draw atleation {o the
pecessity o more accurate stress anaivses for aaisotropic
bodies, not to characterize given expasimental specimens
thoroughly.

1t 15 not possitle to drasww fitm conclusions about the relative
effects of variations in specific elastic constanis at the interface
on the stress distribution there. Vhile iariaticas ineg. the
axial stifiness difierences across the boundary are being in-
vestigated, tine olher elastic constants are aiso changing. 2nd
the stress distribution (Eq. (3)) depeads en all of these.

In view of the results of the present siudy, experiments in-
volving the s:reas-d.,c':deﬂt properties of Licrysital grain
boundznes must include an analysis of the siress state that ac-
coums for the rapid cnamc in elastic propec-ties at the inter-

face. Thus requirement wouid 2pply Lo 21l saimmetrv classes
of crystal siructure, not the trizonal class te which ALQ, be-
fongs only. The stress analvsis would be viewed in the same
charactenization context as ceiermination of the crystallo
graphic orientations ¢f the crystal halves.

V. Summary

The abrupt change in elastic properties at the grain-bouad-
ary inte-face in bicrvstal tensile specimens (AiQ, was in-
vestigated) produced chinges in the nominal stress state there.
These new stresses are highest at the specimen edge, localized
rear the boundary, and vary with crystallographic mismatch.
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A Study of a Two-Dimensional
Ceramic

in the model, under isostatic and thex

ships to pressure valves (Refs. 1,2).

Ll W i st Ak £%

crystals in a polycrystalline ceramic

application to widely varying subjects:

tion to the smallest objects yet studied:

gon-shaped crystals as shown in Fig. 1.
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Finite Element Model of a
Body;

>

ABSTRACT

The elastic behavior of a ceramic body has been modeled by use of

mal loadings.

INTRODUCTION

The finite element method of analysis has been growing rapidly in

The effect of anisotropy shifts the position where the maximum shear acts

from earth dams, to whole steam-

69.

the finite element method. The mcdel simulates a set of nineteen hexagonal
crystals whose elastic and thermal properties can be independently varied.
Severzal different configurations of the elastic properties of the crystals

were evaluated under conditions of isostatic, uniaxial and thermal loadings.

The present study may be an applicae-

The model for study was taken to be the simplest two-dimensional

body.

by Gagorik (Ref. 6) and T. Kovacs (Ref. 7).

the grains of a ceramic body.

representation of a ceramic body. Buessem and Lange (Ref. 3) proposed a
hexagonal model in which the forces due to thermal expansion anisotropy

might be considered. 1In his discussion of the microstructure of ceramics

the simplest corners with three grains meeting, the average polygon must

specific anisotropic elastic constants and anisotropic thermal expansion

P. 409 (Ref. 4), Kingery states, "if we restrict the structure to one with

be a hexagon." The model designed for this study consists of nineteen hexa-

Each of these hexagons can be given

coefficients. In this way the model can simulate the random orientation of

i This model was further subdivided into 366 triangles with 199 nodes as
shown in Fig. 2, in order to be compatible with the computer program available.

The computer program was written by Dahl (Ref. 5) and has been modified
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Alunmina Medel

The elastic constants of alumina were used to obtain the values
assigned to each of the ninetzen hexagonal crystals of the modei. The
elastic compliances used were those measured by J. Geiske (Ref. 8). The
values used were coaverted into the English systen of urnits as are given

in Table I.

Table I

2
Elastic Compliances (inches) /pound

S11 = 0.01620 Sy = -Si4

Si12 = 0.00580 Sa2, = S;;

Si13 = 0.00264 S35 = Syy

S1y = 0.00327 Ssg = —2S34

S33 = 0.01500 Sgg = 2 (511 - S12)
Sy, = 0.00478

These elastic compliances were first transformed by a computer program
written by J. Gagorik (Ref. 6) based on the method of Lieberman and
Zirinsky (Ref. 9) which performs the equivalent of a rotation of the crystal.
Then, these compliances for the rotated crystal were couverted into technical
constants. For an anisotropic crystal, technical constants are defined by
Lekhnitskii (Ref. 10) to be consonant with the usual elastic constants;
Young's modulus, E, the shear modulus G, and Poisson's ratio, v.

For the two-dimensional plane-stress problem considered, the technical
constants are obtained from the value of the rotated elastic compliances by

the following relationships:
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1 . =

| E, 1/811

1 =

i Ey 1/322

4 ' = -S12/S

) 2xy = =>12/511

L

g Vo = -S12/S22
: G:y = 1/S¢s

Hooke's law in plane stress is then expressed as:
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’ Configurations

A set of six different configurations was processed using four

different types of lcading.
In the first configuration, each of the nineteen crystals was given

B TREY A %R e T

isotropic constants corresponding to the orientation of each crystal with

the c-axis perpendicular to the plane of the model.

The second, third and fourth configurations were obtained by assigning

T

to the center crystal technical constants corresponding to the rotation of

PR

an alumina crystal about an axis parallel to the x-axis by amounts of 40,

wr

90 and 140 degrees respectively. The rest of the constants were given the

%
{

same isotropic values as in the first configuration.

The f£ifth configuration was composed of three different sets of con-

az

stants. The center crystal was oriented so that the c-axis lies in the plane

LY

of the paper and points in the x~direction. The a-axis was supposed to

have been placed in the y-direction. However, a value for the direction
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corvesponding to the maxinmum anisoiropy was selected instead. The ramain-
ing eighteen crystals were divided in such a way that for the top half of

the crystals 21l had the same orientation, and the bottom half crystals

21l were given constaats corresponding to a ninety degree rotation frcm the
other half of ithe crystals. The constants for these two halves were selected
0 correspond to the orientation found by Kovacs (Ref. 7) to gossess the
maximum anisotropy for alumina. This corresponds to a rotation of the

c-axis of the crystal about an axis perpendicular to an a-axis. The rotation
for maximuwa anisotropy was fifty-five degrees. In the model, constants were
used corresponding to a rotation of fifty degrees.

The sixth configuration was an arrangement designed to represent, as
well as possible, a polycrystalline ceramic body with anisotropic constituents.
The constants were chosen to produce a random arrangement of the crystals.
The center crystal was fixed in its orientation so that the c-axis was
placed in the x-direction and the a-axis in the y-direction. A twc-angle
rotational matrix with ten-degree intervals in both angles was used as the

population frcem which to choose the appropriate constants randomly.

Loadings

Each of the six configurations was subjected to four different loadings.
The first loading corresponded to an isostatic loading. Force components
were placed on each externmal node in such a way that the resultants would
point to the center of the model. This type of loading produces some shear
in the outermost elements but is evened out before reaching the second
layer of crystals.

The second and third loadings were uniaxial tensions, applied at the
external nodes. In the second type the forces act vertically in the y-
direction and in the third type, the forces act horizontally in the x-
direction. Hence, the y-direction loading is uniform. The x-direction
loading is slightly non-uniform. In the fourth type of loading, the forces
generated by the thermal expansion of the crystals, with each expansion
determined by its appropriate anisotropic thermal expansion coefficients,
were placed on the external nodes, The system was then allowed to adjust
internally under these forces. For the isotropic case, it was found that

the forces were not identical with those used for the isostatic case. The

2

B

v - L. . ., T
i i P T N R



«Je

forces were calculated, however, so that no shear strairs were generated

at any point within the model.

Finite Element Method

The finite element method provides a means of obtaining the solution
of élastic problems which are not directly soluble by standard elastic
mathematical amalysis. The structure to be analyzed in divided into a set
of small units, usually triangles, to vhich the stardard elastic theory
can be applied. ach triangle is linked with the triangles surrournding it.
The displacements of the connecting nodes then must he related to the other
in a compatible way, and the computer program finds the answer as a solution
of simultaneous equations.

The time required for computer solution varies with the pzrameters
assigned to the model and ranges from 60 seconds to 120 seconds. The lower
time is the more common. The program uses a Gauss-Seidel iterative method
for solution, and there is 2 variation in the number of iterations required

to reduce the error to an acceptable level.

Representation

The figures (Figs. 3-10) which present the results of these analyses
show on one page all six configurations. TFor each different type of loading
there are two pages; one showing the principal stresses, and the other show-
ing the maximum shear stress.

In the figures presenting the principal-stress data, the length of the
half arrow represents the magnitude of the maximum tensile stress at the
center of each element, and the magnitude of the second principal-stress is
indicated by a line perpendicular to and crossing it. The direction in
which these stresses act is also indicated. In the figures showing the
maximum shear stress (Tmax)’ the direction indicated is forty-five degrees
to the principal stresses, and the magnitudes of both members of the cross
are equal. In order to show the variations in Thax more clearly for the
isostatic and thermal loading cases, a scale factor was used to increase

the size by about 167 over that used for the principal stresses.

- < -
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The computer output consists of a tabulation of the stress znd strain

components at the center of each triangle.

DISCUSSION

Isostatic Loading

One of the interesting features is evident in comparing the Tma:-:
plots, Figs. &4b. ¢ and d for the 40°, 90° and 140° rotation. The maximum
shear stress lies outside the central crystal for rotations of 40 and 90
degrees. It lies inside for the 140° rotation. The effect of the aniso-
tropy is to vary the positioan in the sample wvhere Thax will have its

largest value.

In the bicrystal with a central inclusion, Fig. 4e, the distribution of
Tﬁax has a semblance of a 2-fold symmetry axis outside the central crystal.
The greatest shear lies inside. Its magnitude is approximately 10% of the
principal stresses. The central crystal is anisotropic, and this adds an
additional complication to the interpretation of the source of the shear
intengification.

The random-orientation model gives a maximum shear stress near a corner
of the central crystal. The magnitude of the Tax is a little more than 6%

of the principal stresses.

Uniaxial Loadings

Two different, compressional uniaxial loadings were used, since their
action at different faces of a hexagon would be different. The figures
(Figs. 5,6,7,8) offer little help in an interpretation of the effects of
anisotropy. The lines of principal stress align themselves with the external
loads. There is some evidence of a slight turning but, as read from the
computer output, the variation of the angle of principal stress varies by
not more than * 2 degrees., (It is interesting to note that the direction
cf principal stress coincides with the principal strain in the isotropic
media and deviates a little in anisotropic media). By extrapolating the
principal stresses to the faces of the central crystal, a maximum variation

of 6% in the different models is observed in the face normal stress and

the face shear stress. .
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The changes in the normal force on faces one and four for the case
of vertical uniaxial loading can be obtained from the computer output.
The stresses normalized in terms of the applied stress for the 40°, 90°
and 140° rotations are 1.5, 0.3 and -5.0 percent respectively. The effect
of the anisotropy is sufficient to change the sign of the stress from tension
to compression.

In an attempt to gain more information about the uniaxial loadings, a
different method of pressnting the data has been shown. The results shown

in Figs. 11-19 will be discussed under the heading of SYMAP coatour maps.

Thermal Loading

For the isotropic case, thermal loading of the model produced absolutely
no internal stresses, (Fig. 9a). With the rotation of the central crystal
about an axis parallel to the x-axis, interesting differences can be noted.
The principal stresses maximize inside the center crystal for the 40° rota-

tion case and, as can be seen in Fig. 9b, there is a tendency ror uniaxial

stressing on the left, outside the center crystal boundary. They maximize
outside and to the left of the center crystal for the 90° rotation, (Fig. 9c).
For the 140° rotation, (Fig. 9d), the principal stresses become almost uni-
axial on thc right side of the crystal just inside the boundary. The tra-
jectories, as indicated by the arrows, show that in addition to thke anisotropy,
the geometrical shape of the boundary also has a strong effect. The high

Tax near the boundaries of the center crystal emphasizes the alteration of
the distribution of stresses as the anisotropic character of the crystal is
changed, (Figs. 10b,10c and 10d). The distributions are clearly different

in the three cases.

The normal and tangential stresses on each face of the center crystal
were calculated by extrapolating the stresses to the boundary. Parabolic
extrapolation functions were used to find the best fit from four nearest
layers both inside and outside the center crystal. The inner and outer
extrapolations do not always agree. For Table II, which gives the values
for these three rotation models, the maximum deviation for inner and outer

extrapolations was approximately 507 with the average deviation about 10%.

For the isotropic case these stresses would be zero.

e e
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Table II

The normal and tangential stresses (psi) on
the faces of thea center crystal

L . 40 dezrees 90 degrees 150 degrees
- Face N Op T Op Oy Op
o T = T i T
£

I 1 3800  -70 4400  -65 ~1465 0.2
‘ 2 15015 +2810 14876 2900 -2670 -994
: 3 10430 -1475 10350 -1681 -6200 1800
} & 9010 +35 9700 24 4074  -70
j 5 10400 1500 10360 1720 ~6150 -1790
" 6 14940 2794 14810 -2905 2650 1000

The values for thz 40° and 90° rotations are much more similar than
the diagrams indicate. The 140° rotation is, however, markedly different.
Whereas the first two leave the center crystal in tension, the third case
; has it in a somewhat more complicated state, with four faces experiencing
compression wnd Luo faces under tension. As indicated, these stresses should
not be regarded as having precision. Since some of the inner and outer
extrapolation values deviate by as much as 507%, it must be assumed that the
model is not sufficiently :.ibdivided to take into account the rapidly
z changing stress. With the stress gradient so high in the region of interest,
’ a new model would be indicated as necessary. Unfortunately, time and funds
do not permit such an extension.

Although the deviations of the stresses for the maximum anisotropy case
; vary on an average of 457, all of them have the same sign. This is not the
' ' situation for the random orientation model. Here, the deviations may be as
- large as 5007 and the extrapolated values are of opposite sign. Clearly, a
{ finer mesh model is needed for this case. The normal and tangential stresses
range from plus or minus zero to thirty thousand psi. It is unfortunate

( that our present model does not give reasonable values for this nearest

approach to the real ceramic body.

SYMAP Contour Map

Another method for presenting the data from the FEM program is to make

use of an available computer program SYMAP (Ref. 11) which prints out an
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interpolated csntour map.

The computer over-prints characters to vary the darkness of the print-—
ing, and thus a contour map is develcped for visual inspectisn. The results
for the uniaxial loadings of the rotated center crystal are presented in
Figs. 11-16. The maximum values do not appear in these figures, because only
the region of and near (four layers out) the center crystal are presented.
Where the maxima lie within this region, the figures are easily interpreted
since they are the plot of a single variable only. However, as an aid to
interpretation, contour lines separating the different stress fields have
been hand-drawn.

The data plotted in Figs. 11-16 are the maxinum principal stress, Oi.
Since the uniaxial loading was compressional, the second principal stress will
be negative and of larger magnitude. Thus the 0; plotted here will be a
sensitive measure of the deviation from a uniform uniaxial stress distribution.
For a completely uniaxial distribution, 0; should be zero.

A scale that can be used to describe the maps was cbtained by dividing
the calculated value for 0; by the absolute value of 0. This will produce
a ratio of values from -0.22 to +0.08 on a scale of 8 as listed in Taple IIIL.
In Figs. 11-16, the scale number is produced at the center of each triangle

in the finite element model.

Table III

Scale for SYMAP Contour Plots

Scale

Number L 1 2 3 4 5 6 7
O3
| ‘ -0.28 -0.22 -0.18 -0.12 -0.08 -0.02 +0.02 +0.08
o2 ’

Figs. 11, 12 and 13 correspond to the plots in Figs. 5b,c and 4, for
the rotation of the center crystal by 40°, 90° and 140° respectively.
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For the 40° rotation. C) has its largest magnitude, -0.28, to the
right and to the lefit of the center crystal in tvo places adjacent to the
corners. The pattern of the stress distribution for the 90° rotatiom is
similar. The appearance of the 140° rotation is considerably different.
The maximum conmpression is shifted to the top and boticm of the center
crystal. The compressicn at the center of the center crystal changes from
-0.12 to -0.18 te -0.22, respectively, for the three rotations.

The uniaxial vertical loadings show a considerably different pattern.
Figs. 14, 15 and 16 correspond to the plots in Figs. 7b,c, and d for the
rotation of the center crystal by 40°, 90° and 140°, respectively. The O}
is slightly in tension, +0.02 for the 40° and 90° cases, but it is com-
pressional for the 140° case, -0.08. There is a corresponding build-up of
compressional stress, top and bottom in these cases, perpendicular to the

uniaxial stress, but it achieves a maximum value of only -0.12 for the 40°

case.

0ff Center Models

A slightly different set of models is presented in Fig. 17. The crystal
to the right of the center one has been ratated 40°, 90° and 140°, re-
spe~tively, in Figs. 17a,b and c, and subjected to isostatic loading. Both
Tmax and the principal stresses are presented on the same page. The Thax
plots show much more variation than do the plots of the principal stresses.
The distribution of the maximum shear stresses indicates a rather profound
effect of anisotropy. The larger values of the shear for the 40° case are
outside of and to the left of the rotated crystal, with a considerable build-~
up on the slant faces.

The 90° case shows a similar distribution, though the magnitude of the

T is not as large.
max

The distribution of Thax in the 140° case is markedly different, with
the larger values lying inside the boundaries of the rotated crystal. Similar

behavior was observed in Figs. 4b,c and d, when the rotated crystal was the

center crystal.




: Simplified Models

The results of the finite element analysis, are plotted in a2 slightly
different form in Figs. 18c¢c, d and 19. Fach principal stress and Tmax
are plotted separately. The first principal stress (maximum tension) Jis
plotted on the left as a single half arrow at the center of each triangle
of the model. The length of the arrow is proportional to the magnitude of
the stress it represents. The magnitude of the maximum arrow length is
indicated in this figure for each stress. The second prircipal stress
(maximum compression) is plotted similarly in the center, and the maximum
shear stress, Tmax’ is plotted on the right. Only isostatic loading is
considered.

In the case of Model A, a hard isotropic inclusion is inserted into
the system. The Young's modulus of the center crystal is ten times larger

than the surrounding crystals. The stresses on all faces are essentially

equal and raised by the factor 1.36 over that of the completely homogeneous
model. At the boundary the stress is seen to be predominantly radial. The
extrapolated normal stress at the boundary is consistently 37 higher inside
than outside. The shear at the boundary has increased from zero for the
homogeneous case to 507 of the normal stress, and, as seen in Fig. 18a, it is
concentrated outside the center crystal.

For the case of Model B, a soft isotrcpic inclusion is enclosed in a
system ten times stiffer. The stresses on each face are reduced by a factor
of 0.27. The surrounding structure could sustain a hole, and so this re~
duction is easily understood. The principal compressional stresses inside
the center crystal are less than 0.20 times the compressional stresses out-~
side. The shear is raised to 757% of the average normal stress, and from
Fig. 18b it can be seen to be confined to the region outside the center crystal.
The shear inside the center crystal is essentially zero. The boundary out~
side the center crystal is loaded predominately circumferentially.

The other four models are anisotropic. Because of the relationship
v_E =vyxEy for orthotropic materials, a limit is imposed on the degree of

, Xy X
anisotropy, The ratio of 3/1 permits reasonable values of Poisson's ratio.
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Model C was given technical constants so that in the y-direction the constants .
are continuous. In the x-direction the modulus is three times greater than
the matrix. It might be expected that the stresses would be increased on -
faces one and four (faces perpendicular to the x-axis) and that the other
faces would be affected relatively little. The finite element analysis shows
that a stress increase of 1.32 occurs for the x-faces an? 1.20 for the other
faces. The geometric effect of the crystal shape on the trajectories is
evident in Fig. 18c, and it is evident that T ax has its largest values
outside of and all the way around the center crystal. ]

Yodel D has technical counstants such that only the y-direction is different
from the matrix and the modulus in that direction is 1/3 that of the matrix.
It might be anticipated that there would be no alteration in stress at the
x-faces and a reduction on the other faces. The analysis shows that there
is a stress increase on the x-faces of 1.16 and for the other faces a re-
duction of 0.93. In Fig. 18d, the plot of the principal stresses at the
center of each finite element triangle shows an unusual behavior near the
x-faces. The principal-stress axes are rotated nearly 90 degrees. The
values for the principal stresses are lower inside the center crystal, but
Thax is nearly uniformly large inside the center crystal. The direction of
principal-stress axes coincides with that of the principal strain axes out-
side the center crystal, but inside they do not.

There is very little difference between Model A (hard isotropic) and
Model E (hard anisotropic). TFigures 18a and 18c are essentially identical.
The stresses extrapolated to the boundary differ by about 2Z.

It appears that the large change (x10) in modulus is the dominating
factor. The stress~increase noted for the anisotropic case, where the inner
elastic modulus was three times greater than the matrix, was 1.32 (Model C).
For Model A, where the modulus change was ten times, the stress increase
was 1.36. Therefore, the three-fold increase in the elastic constant is
seen to be almost as effective as the ten~fold increase., Hence, the aniso-
tropic effect of the center crygtal is masked to a large extent by the
larger change of both moduli.

There is also little to distinguish Model B (soft isotropic) and Model

¥ (soft anisotropic), by examination of Figs. 18b and 18f. The stresses at

oot N,
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the boundary are, however, reduced on all faces for Model F and on the faces

perpendicular to the x-axis, the forces were reduced to less than half the

value they were subjected to for Model D,

Six Random Orientation Models

In Fig. 19 six different random orientations under thermal loading are
given. The center crystal is maintained constant in all of the figures
with ‘he c-axis in the direction of the x~axis and the a-axis in the y-
direction.

The position of the maxinum stresses varies from one different random

o it S5 D et P bk S I S ST AR AR AT e S

arrangement to the next. There is a tendency for maximum stresses to develop

near the coraners of the crystals. The stresses extrapolated to the boundaries

phceid i

from the inside did not compare well with the extrapolation from the outside.
In some instances the extrapolations from one side of the boundary were
large and negative and from the other side were large and positive. A finer—

mesh model seems indicated.

CONCLUSIONS

f ’ The elastic behavior of an alumina ceramic body has been modeled by
the use of the finite element method. It is found that:

! 1) The anisotropic characteristics of the material alter the
position in the model where the magnitude of the shear stress is
maximum under isostatic, uniaxial, and thermal loadings.,

2) Under uniaxial loading, the effect of anisotropy under the
conditions examined was to alter the stresses acting on the faces per-
pendicular to the loading forces from compressicn to tension by about
6% of the applied loading.

3) The inclusion of a crystal with elastic constants ten times
greater or less than the matrix makes such a difference that the effect
of a three fold anisotropy is nearly masked.

4) Stress gradients generated in a model with random orientation
of the crystals is very high., TFurther conclusions about the effect of

random orientation would require a model better adapted to the high -

stress gradient.
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Fig. 1. Nineteen crystal model of a two dimensional ceramic body. Each

hexagon can be given independent anisotrepic elastic and thermal
constants. The orientation of the axes are shown.

The faces of
) the center crystal are numbered.
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